Cherowitzo, O'Keefe and Penttila discovered a new family of q-clans, q even, and they gave the name Adelaide to all the new associated geometries, i.e., the generalized quadrangles, the flocks of the quadratic cone, the ovals, etc.
Introduction
Throughout this article q = 2 e , e 1. The reader is assumed to have a general familiarity with GQ (see [10] for a thorough introduction), and in particular to be familiar with the construction of a GQ starting with a q-clan. (These GQ are often called flock GQ because of the connection between flocks of a quadratic cone and q-clans first pointed out in [13] .) For a thorough introduction to this construction when q = 2 e , see the Subiaco Notebook [6] , which is available on the web page of the first author. This unpublished "monograph" is based on several articles by a variety of authors, but we refer the reader to [6] for specific references. When q is even, the existence of the GQ is equivalent to the existence of a family of ovals, called a herd of ovals, whose official definition we really do not need here. Later on we will give a specific construction of the ovals in the cases we wish to study.
Payne et al. [9] used a computer to generate several specific GQ of order (q 2 , q), the largest with q = 65536. Some of the smaller examples had already been discovered earlier. These GQ were called cyclic because they admit a group of collineations acting as a single cycle on the q +1 lines through the point (∞). The classical GQ, the so-called FTWKB GQ, and the Subiaco GQ were already well known to be cyclic in this sense, and the new ones seemed certain to belong to a new infinite family. Cherowitzo et al. [1] discovered a new infinite family that included the examples given in [9] , and they gave the name Adelaide to all the new associated geometries, i.e., the GQ, the flocks of the quadratic cone, the ovals, etc. Remarkably they gave a unified construction that included the three previously known infinite families as well as the new Adelaide family. (See [11] for a rather complete survey of the known flock GQ and for q even the associated herds of ovals, as well as much other material related to ovals.) However, in [1] there is no proof that the unified construction always gives cyclic GQ. This is shown in [7] and will also appear in [2] . Moreover, in [2] there is a proof that for each q there arises just one new GQ and just one new oval (up to isomorphism). On the other hand, the computations in [1] provide a cyclic group of order 2e stabilizing the new Adelaide oval. It is the purpose of this note to show that this stabilizer induced by the collineations of the GQ is in fact the complete stabilizer of the Adelaide oval.
The q-clan functions
Let be a primitive element of E, so the multiplicative order | | of is | | = q 2 − 1. Put 
, for all j (mod q + 1), permutes the elements ofF in a cycle of length q + 1. Moreover, this map is the same as the map t → t −1 + .
Write T (x) = x +x for x ∈ E, a(t) = 1/2 t +¯ 1/2 , (t) = t + ( t) 1/2 + 1, and let tr : F → GF (2) be the absolute trace function. Also put N = { ∈ E : q+1 = 1 = }. In [7, 2] the original construction of [1] was modified to the following equivalent one.
Theorem 2.2 (Cherowitzo et al. [1]). Let m be a nonzero residue modulo
is a q-clan.
The induced oval stabilizer
When m = ±1, ± q 2 , ±5, respectively, the classical, the FTWKB, the Subiaco, respectively, GQ are obtained. When m = ± q−1 3 the new Adelaide examples are obtained. (In [9] it is shown that replacing m with −m is equivalent to interchanging the two elements on the main diagonal of each matrix in the q-clan, which gives isomorphic GQ. Hence it suffices to choose either sign.) Before restricting ourselves to the Adelaide case we consider a particular oval stabilizer in the general case. Keep in mind that this oval stabilizer is completely representative of all ovals except in the case of the Subiaco GQ with e ≡ 2 (mod 4), in which case there are two orbits of ovals.
In [2] (or see [7] ) it is shown that the associated GQ(C) is cyclic. In fact, using Theorem 4.4.1 of [7] (or see [2] ) it is clear that certain computations in [1] determine the full collineation group of GQ(C). (The article [4] also gives an alternative approach to the problem.) In the present note all we need to determine the complete Adelaide stabilizer is the group fixing the line [A(∞)].
Put
Specifically, (using the notation of [9, 6, 7] ) we know that = . In fact, it is an easy exercise to check that (2) B = , where = (Here (a, b) (2) means (a 2 , b 2 ).) Now use Eq. (4.9) of [7] (dividing the right hand image by 2 ) to determine the induced oval stabilizer:
2 )A (2) ,
T .
At this point put t = 
, after a couple routine steps.
So with t = [j +1]
[j ] , the preceding equality says that
Then
We finally see that
which turns out to be the same aŝ
If we put
Use the linear map (x, y, z) → (x, y, z)E to replace the oval O with the oval
Thenˆ induces the mapˆ on O given by
Up to this point there are no general results putting restrictions on those m for which the cyclic construction actually works, although for small fields the four examples known are indeed the only ones. However, since for the m that give q-clans we also have the oval O , it would be interesting to see if there is an easy way to check for which m the set O is an oval. This is if and only if for distinct a, b and c mod q + 1 it is always true that
which is if and only if
This is as far as we have progressed on this problem. From now on we assume that m = q−1 3 , so we are in the Adelaide case. The unique linear map known that stabilizes the oval O is the involution given by
The fixed points of this involution are the points of the line x = 0, i.e., the points (0, y, z). But clearly the unique oval point on this line is the point (0, , 1), hence this line is a tangent line. The generator of the known stabilizer isˆ , which acts on the points of this line as
, from which it follows that exactly three points on this line are fixed:
the oval point (0, , 1) and two others: (0, 1, 0) and (0, 0, 1). But the secant line through p j and p −j passes through the point (0, 1, 0), implying that the nucleus must be (0, 0, 1). Hence
Algebraic plane curves
An algebraic plane curve of degree n (n 1) in P G(2, q) is a set of points C = V (f ) = {(x, y, z) ∈ P G(2, q) : f (x, y, z) = 0}, where f is an homogeneous nonzero polynomial of degree n in the variables x, y, z. If f is irreducible over F = GF (q), then C is irreducible, and if f is irreducible over the algebraic closureF of F = GF (q), then C is absolutely irreducible. It turned out that each Subiaco hyperoval is the pointset of an absolutely irreducible degree 10 algebraic curve in P G (2, q) . (This was shown in [5] for q = 2 e with e / ≡ 2 (mod 4) and in [8] for e ≡ 2 (mod 4). Both cases are treated in [6] .) The automorphism group of P G(2, q) is the group P L (3, q) induced by the semilinear transformations of the underlying vector space, which transformations we call collineations. The elements of the normal subgroup P GL (3, q) determined by the linear transformations will be called homographies. If : x → x is an automorphism of F, then induces a collineation of P G(2, q) called an automorphic collineation, as follows: : (x, y, z) → (x , y , z ). Let A denote the group of automorphic collineations of P G (2, q) , so that AAut(F ) and |A| = e, if q = 2 e . Also, P L(3, q) = P GL(3, q) × A.
If X is a set of points in P G (2, q) , the stabilizer P L(3, q) X of X in P L(3, q) is called the collineation stabilizer of X, while the stabilizer P GL (3, q) X is called the homography stabilizer of X. A set of points in P G (2, q) which is the image under an element of P L(3, q) of a set X of points is said to be (projectively) equivalent to X.
Recall that an element g ∈ P L(3, q) is of the form g : p → p B, where p=(x, y, z) ∈ P G (2, q) , B ∈ GL (3, q) , and ∈ A. The image C g of an algebraic curve C = V (f ) under g is the curve C g = {(x, y, z) g : (x, y, z) ∈ C}. If we want to write C g = V (h) for some homogeneous polynomial h = f g , we write
Also note that f x , f y , f z denote the partial derivatives of f with respect to x, y, z, respectively. Let p be a point of the algebraic plane curve 
1). Here a line corresponding to a linear factor of f (m) with multiplicity s is counted s times, and is said to have multiplicity s at (0,0,1). These multiplicities are invariant under the action of P L(3, q).
Let C 1 = V (f 1 ) and C 2 = V (f 2 ) be algebraic plane curves in P G(2, q) of degrees n 1 and n 2 , respectively, and let p ∈ C 1 ∩ C 2 . LetF denote the algebraic closure of F = GF (q), so thatĈ 1 =V (f 1 ) andĈ 2 =V (f 2 ) are algebraic plane curves of degrees n 1 and n 2 in P G(2,F ). Assume |Ĉ 1 ∩Ĉ 2 | < ∞, that is,Ĉ 1 andĈ 2 have no common component. Coordinates are chosen in such a way that p(0, 0, 1), (1, 0, 0) / ∈ C 1 ∩C 2 , and such that any line of P G(2,F ) containing (1, 0, 0) has at most one point in common withĈ 1 ∩Ĉ 2 . Let R x 0 (f 1 , f 2 ) be the resultant of f 1 and f 2 with respect to x 0 ; so R x 0 (f 1 , f 2 ) has degree n 1 n 2 . If x s 1 is the largest power of x 1 which divides R x 0 (f 1 , f 2 ), then s is called the intersection multiplicity of C 1 and C 2 at p, denoted I (p, C 1 ∩ C 2 ). IfĈ 1 andĈ 2 have a common component, but p does not belong to a common component ofĈ 1 andĈ 2 , then delete the common components, which yields curves C 1 and C 2 of P G (2, q) , and define I (p, C 1 ∩ C 2 ) = I (p, C 1 ∩ C 2 ). This intersection multiplicity is invariant under the action of P L (3, q) ; see e.g., [12] . Also, this definition of intersection multiplicity is consistent with the definition of m p (L, C). [12] ). Let C 1 = V (f 1 ) and C 2 = V (f 2 ) be algebraic plane curves of degrees n 1 and n 2 , respectively. LetF denote the algebraic closure of F = GF (q), so thatĈ 1 = V (f 1 ) andĈ 2 = V (f 2 ) are algebraic plane curves of degrees n 1 and n 2 in P G (2,F ) . IfĈ 1 andĈ 2 have no common component, then
Theorem 4.2 (Theorem of Bézout; see Seidenberg
p∈Ĉ 1 ∩Ĉ 2 I (p,Ĉ 1 ∩Ĉ 2 ) = n 1 n 2 .(6)
Corollary 4.3 (Hirschfeld [3, 2.8])
.
A polynomial equation for the Adelaide oval
Throughout this section we assume that q=2 e with e even and m= 
with known cyclic stabilizer of order 2e generated by
It is easy to check that for 0 / ≡ j (mod q + 1) 
So fix j / ≡ 0 (mod q + 1) and put
H (T ).
The quadratic factor H (T ) is irreducible over F, because
by Eq. (10) and the fact that e is even. This proves that
The 
By Eq. (13) 
This is well defined since y 2 + xy + x 2 = (y + x)(y +¯ x) = 0 for nonzero x, y ∈ F . Putting the two previous equations together, we have
with
This shows that (0, 1, 0) is a singular point of C: G(x, y, z) = 0 with multiplicity 4. The line x = z is the unique tangent line of C at (0, 1, 0) and it has multiplicity 4 at (0, 1, 0).
It is also easy to check that
It now follows readily that (0, 1, 0) is the only point (x, y, z) satisfying
The unique singular point of C:
If ( It is of interest to check directly that the collineation of Eq. (9) does leave C invariant and fixes the point (0, 1, 0), which is not on O. There is a unique j (mod q + 1) for which Divide by 2 to get
Take the square root to find that
We know by Eq. (12) that
Irreducibility of the curve
Recall that if , it must be that r =2, n 1 =m 1 +1, n 2 =m 2 +1, and without loss of generality we may assume that (n 1 , n 2 ) ∈ {(1, 5), (2, 4) , (3, 3)}. As P is the unique singular point ofĈ it is the unique common point ofĈ 1 andĈ 2 . In particular, each of C 1 ,Ĉ 2 has the point P with multiplicity at least 1, implying n i 2, forcing (n 1 , n 2 ) = (2, 4) or (3, 3) .
Suppose thatĈ 1 andĈ 2 are not defined over F, but rather over some extension GF (q s ) with s > 1. Let be a generator of the Galois group Gal(GF (q s )/GF (q)). ThenĈ 1 =Ĉ 2 , which implies n 1 = n 2 = 3. Let C i = P G(2, F ) ∩Ĉ i , with i = 1, 2. By [3] , Lemma 2.24(i), it must be that |C i | 3 2 , so |C| 2(9) − 1 = 17. But |C| = q + 2 and q 64, so this case cannot occur. HenceĈ 1 andĈ 2 are defined over F = GF (q).
Again let C i = P G(2, F ) ∩Ĉ i , with i = 1, 2. Suppose that C 1 is irreducible of degree 2 over F. Since |C 1 ∩ O| q, it follows by Theorem 10.21 of [3] that the unique complete arc containing C 1 ∩ O is O ∪ {(0, 0, 1)} = C 1 ∪ {nucleus of C 1 } and hence (0, 1, 0) ∈ O, an impossibility. So we must have (n 1 , n 2 )= (3, 3) . This means that each component C i is an irreducible cubic having (0, 1, 0) as a unique double point (singular point with multiplicity 2) with a unique tangent at (0, 1, 0).
At this point we know that C 1 and C 2 are cubic curves with a cusp at (0, 1, 0) (i.e., (0, 1, 0) is a double point with a unique tangent). By Table 11 .7, p. 260 of [3] , C 1 and C 2 each have q + 1 points with one point in common. This implies |C| = 2q + 1, an impossibility. This completes a proof of the following theorem.
Theorem 6.1. The curve C : G(x, y, z) = 0 is absolutely irreducible.
The complete stabilizer of the Adelaide oval and hyperoval
Hence if q 64 thenĈ =Ĉ, completing the proof. This means that ∈ P L(3, q) O must also fix the points (0, 1, 0) and (0, 0, 1). Since we have a collineation fixing O belonging to each field automorphism, it suffices just to consider the homographies ∈ P GL (3, q) 
Suppose that is a nonidentity homography
Since fixes (0,1,0) and (0,0,1) we may assume WLOG that Of course this forces to be either the identity or the other linear involution that we already know stabilizes the oval O. This concludes our proof. 
